The O'Hara energies, introduced by Jun O'Hara in 1991, were proposed to answer the question of what is a "good" figure in a given knot type. A property of the O'Hara energies is that the "better" the figure of a knot is, the less the energy value is. In this article, we discuss two topics on the O'Hara energies. First, we slightly generalize the O'Hara energies and consider a characterization of its finiteness. The finiteness of the O'Hara energies was considered by Blatt in 2012 who used the Sobolev-Slobodeckii space, and naturally we consider a generalization of this space. Another fundamental problem is to understand the minimizers of the O'Hara energies. This problem has been addressed in several papers, some of them based on numerical computations. In this direction, we discuss a discretization of the O'Hara energies and give some examples of numerical computations. Particular one of the O'Hara energies, called the Möbius energy thanks to its Möbius invariance, was considered by Kim-Kusner in 1993, and Scholtes in 2014 established convergence properties. We apply their argument in general since the argument does not rely on Möbius invariance.
Introduction
The family of O'Hara energies were introduced by O'Hara [9, 10] and are defined as
where α, p ∈ (0, ∞) are constants, f : R/LZ → R d is a curve embedded in R d parametrized by arc-length with total length L, and D(f (s 1 ), f (s 2 )) is the intrinsic distance between f (s 1 ) and f (s 2 ). The purpose of these energies is to give an answer to the question: "What is the most beautiful knot in a given knot class ?" Therefore, the O'Hara energies were constructed so that the more a knot is well-balanced, the less the energy is. Also, when we deform a knot, it is not desirable that the knot class to which the knot belongs changes. Thus, these energies were also constructed so that the energy value diverges if the curve has self-intersection. A study of minimizers of the O'Hara energies under length constraint were carried out in [1, 4, 11] . In particular, right circles attain the minimum of these energies for α ∈ (0, ∞) and p ∈ [1, ∞) with 0 < α < 2 + 1/p. Indeed, this result was shown by Adams et al. in [1] for the more general energy
where F = F (x, y) is increasing and convex for x ∈ (0, y] and y ∈ (0, L/2). For example, F (x, y) = (x −α − y −α ) p satisfies this assumption when p ∈ [1, ∞) and 0 < α < 2 + 1/p.
The purpose of this article is two-fold. Firstly, we study a slightly generalized energy
under suitable assumptions on Φ, and we should see that such a generalization brings out certain properties of E α,p in a clearer manner. It is known that the finiteness of E α,p (f ) implies bi-Lipschitz continuity and some regularity of f , see [2] . We generalize this fact to the case E Φ,p , and we clarify what properties of Φ give rise to these properties of f . In particular, we define a function space W k+Φ,p which is a generalization of the Sobolev-Slobodeckii space, and discuss the relation between our new space and the domain of E Φ,p . The second aim is to study energies for polygonal knots, that is, discretization of the original energy. More precisely, a discrete version of E α,p is proposed together with some numerical results. Several discrete versions of the energy E 2,1 , called the Möbius energy, have been introduced earlier; one is by KimKusner [7] , and another is by Simon [14] . Their convergence was shown by Scholtes [13] and Rawdon-Simon [12] respectively. Although E 2,1 is invariant under Möbius transformations (cf. [4] ), the proof of the result of [13] did not use the Möbius invariance. Here, we extend the results by Kim-Kusner [7] and Scholtes [13] to the case E α,p , and improve the rate of convergence of E 2,1 .
A generalization of the O'Hara energy
Although minimizers of E F were obtained in [1] , other fundamental properties of E F have not been investigated in the existing literature. Here, we consider the problem of characterizing the finiteness of generalized energies. At the level of generality of E F , this seems to be a very difficult problem so we restrict ourself to the case E Φ,p defined above, where p ∈ [1, ∞) is a constant, and Φ : [0, ∞) → [0, ∞) is a strictly increasing function such that Φ(0) = 0. Note that finiteness of the O'Hara energies is discussed by Blatt in [2] , where he showed that if α ∈ (0, ∞) and q ∈ [1, ∞) satisfy 2 ≤ αp < 2p + 1, then E α,p (f ) < ∞ if and only if f is bi-Lipschitz continuous and belongs to the Sobolev-Slobodeckii space
where σ = (αp − 1)/(2p). Hence, to establish a condition for finiteness of E Φ,p , it is natural to consider a generalization of the Sobolev-Slobodeckii space.
Definition 2.1. Let Ω be a non-empty subset of R. For p ∈ [1, ∞), k ∈ N∪{0}, and measurable function Ψ : [0, ∞) → [0, ∞), we define
We equip the space W k+Ψ,p with the norm
in which case it becomes a Banach space. Moreover, the dual space of W Ψ,p (Ω, R d ) is characterized as the following proposition which may be proved by using the argument of [8, pp. 38-42] .
Proposition 1.
Let Ω be a non-empty subset of R, and let Ψ :
In [2] , it was shown that f is bi-Lipschitz continuous for all embedded regular curves
, which suggests that f does not bend sharply. It is natural to expect that all embedded regular curves belonging to the generalized Sobolev space are bi-Lipschitz; we confirm this expectation with the following theorem which we establish by modifying the argument of Blatt [2] .
Theorem 2.2 (The bi-Lipschitz continuity). Let an increasing function
whose image is a closed embedded curve in R d parametrized by arc-length. Then, f is bi-Lipschitz continuous.
Proof. We only have to prove that there exists C b > 0 such that
Note that there exists M , δ > 0 such that if x < δ, then we have
Using Lebesgue's dominated convergence theorem, we have
Therefore, there exists η ∈ (0, min{δ, 1, L}/2) such that
Next, we consider the case where
Then, we have
because f has no self-intersection. Therefore, we obtain
Using the space W k+Ψ,2p , we establish the following theorem concerning the finiteness of the energies E Φ,p .
, and let f ∈ C 0,1 (R/LZ, R d ) be a function whose image is a closed curve parametrized by arc-length embedded in R d with total length L. Assume that a measurable function Φ : [0, ∞) → [0, ∞) satisfies the following.
and
for x > 0. Then, we have the following two properties.
Moreover, there exists C > 0 depending only p, L, and Φ such that
and using the argument of [11] , we can prove that f is bi-Lipschitz continu-
The following table shows ranges of α satisfying the assumptions of Theorems 2.2 or 2.3, which contains some examples of Φ. The column "Remark 1" shows ranges of α satisfying (A0), (A1), (A2-1), (A2-2) , (A2-3), and (A3). [2] . Before proving Theorem 2.3, we establish the following lemma which is used in proof of inequality (2.1). Let
for all almost-everywhere continuous functions g :
Proof. First, we consider the case where
because Φ is an increasing function. As in [2] , it is not difficult to see
, where
by Hölder's inequality, Fubini's Theorem, and (A2-1). Also, we have K
) by a change of variables. Hence, we get
Now, we can take ε sufficiently small satisfying
by (A2-2). Then, we get
and because of (A3), where C(p, ε, ϕ) is a positive constant. Therefore, we obtain
Next, we consider the case where g is an almost everywhere continuous
Hence, we get
and we can see {g ε } ε>0 is a W Ψ,2p -bounded sequence. By reflexivity of W Ψ,2p , there exists a subsequence {g εj } ∞ j=0 such that g εj g as j → ∞. Therefore, we obtain
by lower semi-continuity of a weakly convergent sequence.
Proof of Theorem 2.3.
. By the mean value theorem, for
By (A1), for all η > 0, there exists δ > 0 such that if 0 < x < δ then we have
First, we assume that f is bi-Lipschitz continuous and belongs to W 1+Ψ,2p (R/LZ, R d ). By Hölder's inequality and (2.2), we have
By the bi-Lipschitz continuity of f and (A2-1), we have 
where s 1 , s 2 are transformed into t 1 = s 1 + s 3 s 2 , t 2 = (s 4 − s 3 )s 2 , and we set θ =θ(t 1 , t 2 ) = θ(s 1 , s 2 ) in the last equality. We take ε > 0 satisfying ε ≤ δ. For s 3 , s 4 ∈ [0, 1], we decompose
where
If |s 4 − s 3 |ε ≤ |t 2 | ≤ |s 4 − s 3 |δ, we have G(θ) ≤ K + η because 0 <θ ≤ δ. Hence, we get
If |s 4 − s 3 |δ ≤ |t 2 | ≤ |s 4 − s 3 |L/2, then we have C −1 b δ ≤θ ≤ L/2. Hence, we get
Next, we assume E Φ,p (f ) < ∞. Then, we have
. Hence, we get inequality (2.1) because it holds that
by Lemma 2.4, where C g is a positive constant depending only p, L, and Φ and which may not be the same in each case. Therefore, we obtain f ∈ W 1+Ψ,2p (R/LZ, R d ).
A discretization of the O'Hara energies
Although minimizers of the O'Hara energies were studied, it is difficult to calculate the O'Hara energies directly, and as a result, it is not easy to evaluate well-balancedness. In [7] , Kim and Kusner considered a discretization of the Möbius energy and numerically calculated values of Möbius energy of torus knots. Scholtes [13] discussed convergence of Kim-Kusner's discretization, but he did not use the Möbius invariance. Therefore, we expect that we can consider convergence of a discretization of not only Möbius energy but also the other O'Hara energies E α,p . Actually, in [6] , a discretization of the O'Hara energies was defined, and convergence of this discretization were discussed. In this section, we mention the result of [6] and give some examples of numerical calculations of this discretization.
From now on, we write σ = (αp − 1)/(2p) for α ∈ (0, ∞) and p ∈ [1, ∞) with 2 ≤ αp < 2p + 1. Also, we call an n-gon a polygon with n edges. For a given regular curve f , we say that a polygon p is inscribed in f if p satisfies (i) the number of vertices is finite.
(ii) the set of vertices is {f
(iii) the k-th edge is the segment jointing f (b k ) and f (b k+1 ), where we interpret
For α, p ∈ (0, ∞), our discretization of the O'Hara energies is defined by
where p n : R/LZ → R d is an n-gon parametrized by arc-length whose total length is L n , and a j is the value of arc-length parameter corresponding to vertex of p n and we assume 0 ≤ a 1 < · · · < a n < L n (mod L n ).
The following theorem obtained in [6] gives us convergence of our discretization as n → ∞ and the rule of convergence.
Theorem 3.1 (Approximation of the O'Hara energies by inscribed polygons, [6] ). Assume that α ∈ (0, ∞) and p ∈ [1, ∞) satisfy 2 ≤ αp < 2p + 1. Let f ∈ C 1,1 (R/LZ, R d ) be a function which image is a closed curve parametrized by arc-length embedded in R d , where L is the length of f . Let c,c > 0, and set
In addition, for n ∈ N, let {b k } n k=1 be a partition of R/LZ satisfying
and let p n be the inscribed polygon in f with vertices f (b 1 ), . . ., f (b n ). Then, if the number n of points of the division is sufficiently large, there exists C > 0 such that
Moreover, we obtained the Γ-convergence of E α,p n to E α,p as n → ∞ in [6] .
Theorem 3.2 (Γ-convergence of E
α,p n , [6] ). Let α ∈ (0, ∞) and p ∈ [1, ∞) with 2 ≤ αp < 2p + 1. Then, it holds that E α,p n Γ-converges to E α,p on the metric space X given by
Here, K is a tame knot class, C(K) is the set of simply closed curves of length 1 belonging to K, P n (K) is the set of equilateral n-gons with total length 1 belonging to K, and the metric d X is such that, for some constants
By the property of Γ-convergence (e.g. in [3] ), the minimum values of E α,p n converge to that of E α,p which is attained by a right circle (cf. [1] ). Thus, it is natural to consider minimizers of E α,p n . In [6] , we can completely characterize minimizers of a generalized discrete functional defined by
where p n is an n-gon with total length 1, and F is a real-valued function on Ω := {(x, y) ∈ R 2 | 0 < x ≤ y}.
Theorem 3.3 (Minimizers of E
F n , [6] ). Assume that F : Ω → R is such that if we set g y (u) = F ( √ u, y) for u ∈ (0, y 2 ] and y ∈ (0, 1/2), then g y is decreasing and convex. Moreover, for 0 < a < b, set [a] b := min{a, b − a}. Then, if p n is an equilateral polygon, we have
and the minimizers of E F n are regular n-gons.
If we set F (x, y) :
n . Then, we get the following corollary. Corollary 1. Let α ∈ (0, ∞) and p ∈ [1, ∞). Then, minimizers of E α,p n in the set of equilateral n-gons are regular polygons. In particular, a regular polygon with n edges is the only minimizer up to congruent transformations and similar transformations.
Remark 2. There do not exist minimizers of E α,p n in the set of all n-gons which are not necessarily equilateral. Indeed, considering an (n − 1)-gon as a degenerate n-gon, we have
and because E Next, we show some examples of numerical experiments. Let g n be a regular n-gon. By the property of Γ-convergence and Corollary 1, we have
where 2 ≤ αp < 2p + 1, and the infimum in the left-hand side is taken over the space of all embedded curves in R d . Therefore, considering [1] , we can calculate the O'Hara energy of a right circle numerically by increasing the number of vertices n in E α,p n (g n ). Moreover, we calculate energies
αp−2 is the total length of g n , because the factor L(g n ) αp−2 makes these energies scale invariant. Note that in [5] , the values of the O'Hara energy E α,1 (2 ≤ α < 3) of a right circle f 0 are obtained and expressed by
Here, we compare
, and we tabulate the result of numerical calculation when α = 2, 2.1, 2.3, 2.5, 2.7, 2.9 in Table  2 . It follows from Theorem 3.1 that the convergence becomes slow, when α approaches to 3. We can see this fact from Table 2 . Moreover, we investigate the behavior of Table 2 :
Values of discretization, D/A: Divisions of value of discretization when n = 4194304 by analytic value) when number of vertices n increases, where 2 ≤ α < 3. We expect that e α (n) converges to a constant if the order of convergence in Theorem 3.1 is optimal, and we can see that this conjecture seems to be true in Figure 1 . Now, we show some interesting examples of E α,p n (g n ) when the number of vertices n is not so large. As we can see in Figure 2 , L(g 2 k )
58 E 2,30 2 k (g 2 k ) for k ∈ N takes the maximum value at k = 4, and the larger the value that p takes, the larger the maximum value is. Therefore, we show a figure of E 2,30 n (g n ) for n ≥ 100 in Figure 3 . Note that L(g 2 +1 )
58 E 2,30 2 +1 (g 2 +1 ) for ≥ 2 is monotonically increasing. However, L(g 2 ) 58 E 2,30 2 (g 2 ) for ≥ 2 takes the maximum at = 10 (n = 20) and is decreasing to the value of L(f 0 ) 58 E 2,30 (f 0 ) when ≥ 10. The cause of this phenomena we think is as follows: when n is much less than 20, the discrete energy is a summation which consists of a small number of terms with large value. On the other hand, when n is much larger than 20, the discrete energy is a summation which consists of a large number of terms with small value. If n is around 20, then the number of terms and the size of each term might make the energy large. This phenomena will be remarkable when p becomes large. To the auther, the reason seems to be as follows: when p is large, the difference of the size of the terms becomes bigger. Moreover, we observe from Figure 3 that the energy with even n is larger than that with odd n. The energy density becomes large when the difference between the intrinsic distance and the extrinsic distance is large. The difference maximizes when two points are antipodal, which is a situation that occurs only when n is even. (g n ) when n ≤ 100 (Blue, round points and orange, diamond points show values when n is even and odd, respectively)
Conclusions and future work
In Section 2, we considered the generalized O'Hara energy E Φ,p and characterized the finiteness of these energies by using the generalized Sobolev-Slobodeckii space W 1+Ψ,2p . However, several problems concerning E Φ,p remain open, e.g., conditions which E Φ,p is the knot energy (with regard to the definition, see [10] ), and the existence of minimizers of E Φ,p in a given knot type. In Section 3, we discussed a discretization defined in [6] of not only the Möbius energy but also the O'Hara energy and numerically calculated the energy values of a right circle. Several researchers have considered numerical calculations of E α,1 of not only a circle but also various knots. However, numerical calculation of E α,p (p > 1), except a right circle, is yet to be carried out; this will be addressed om forthcoming work of the author.
